Introduction
The study of the unit tangent sphere, or indicatrix, in real Finsler spaces is one of interest ( [15, 19, 21, 22] , etc.), mainly because it is a compact and strictly convex set surrounding the origin. For example, the indicatrix plays a special role in the volume definition of a Finsler space. However, in the present paper, based on some ideas from the real case, the volume element and volume function of the indicatrix in a complex Finsler manifold (M, F ) are introduced and several of their properties are obtained.
First we recall some basic notions about complex Finsler geometry in Section 1. By taking z ∈ M as an arbitrary point, the punctured holomorphic tangent bundle T geometry, where the indicatrix length is in general a function of x. In the last section, using an example of a submersion from the indicatrix I z M onto the complex projective bundle P z M and the result presented in [23] , we state that the volume of any Hermitian manifold, on which exists a submersion from the complex indicatrix, has constant value. Now we provide a short overview of the concepts and terminology used in complex Finsler geometry (for more see [1, 20] ). Let M be an n -dimensional complex manifold, with z := (z k ), k = 1, .., n , the complex coordinates on a local chart (U, Moreover, condition iii represents the fact that L is homogeneous with respect to the complex norm, L(z, λη) = λλL(z, η), ∀λ ∈ C, and by applying Euler's formula we get that:
The geometry of complex Finsler spaces consists of the study of geometric objects on the complex manifold T ′ M endowed with a Hermitian metric structure defined by g ij . A first step represents the analysis of the sections on the complexified tangent bundle
be the vertical bundle and the complex nonlinear connection, briefly (c.n.c.), is the supplementary complex subbundle to
are the coefficients of a (c.n.c.). Then we will call the adapted frame of the (c.n.c.) the pair
One basic (c.n.c.) of a complex Finsler space is the Chern-Finsler (c.n.c.) ( [1, 20] 
. Further we will use the notationη j =: ηj to denote a conjugate object.
In the terminology of [1] 
is named a complex Berwald space [3] . An extension of this is the generalized Berwald space, which has the coefficients of a complex spray
Cauchy-Riemann (CR) submanifolds of almost Hermitian manifolds, introduced by Bejancu [10] [11] [12] , were extended to the Finsler geometry by Dragomir in [16, 17] . A real submanifoldM of an almost Hermitian Finsler
where J is an almost complex structure onM . Any real hypersurfaceM of M is a CR-submanifold, with
The volume element of the complex indicatrix
Consider T 
Thus, G defines a Hermitian metric on T ′ z M , which is smooth at η = 0 if and only if F z is a Hermitian norm and has the explicit form:
For a fixed point z ∈ M , the unit sphere in (T ′ z M, F z ), also called the complex indicatrix in z , is: [17] . Then F (z, η(u)) = 1 yields by derivation after u variables to
where
where X α is a tangent vector of the complex indicatrix expressed in terms of tangent vectors of
, we set
and thus we obtain G R (X α , N ) = 0, where G R is the Riemannian metric applied to real vector fields as
Here X ′ , Y ′ are the holomorphic, respectively, the antiholomorphic part of tangent vectors X and Y of the complexified tangent bundle of
, so that N is the unit normal vector of the indicatrix bundle.
Remark.
A similar result of the complex indicatrix normal vector was obtained in [24] by considering T
Then g induces a Riemannian metric on V R \{0} , defined bŷ
where Re(τ ) = 1 2 (τ +τ ), for any given form τ ∈ A p,q (M ) . Set the indicatrix
with (v k ) taken as v 2k−1 := x k and v 2k := y k the coordinates of V R and let X(t), t ∈ (−ϵ, ϵ) be a smooth
, a tangent vector of the curve, and using
∂v k is the normal vector to the indicatrix, which expressed in terms of the I z M tangent vector field is exactly N = η
with g = det(g ij ), we get the volume element of the induced metric on I z M by a contraction of dµ with the outward-pointing normal N = η j∂ j + ηȷ∂ȷ (restricted to I z M ) in the first slot [9] , i.e. the interior product with respect to N . Thus, we have
where ι is the interior product operator and by dη j we denote absence of the dη j term in the exterior product above. Using that τ +τ = 2Re(τ ) for any given form τ , we obtain:
the volume element of the complex indicatrix is
Considering that I z M is the unit sphere in (T
and define a form Θ z on T ′ z M by Θ z := r * dV z . Then, without any constraint on the η j s, the normal vector is N = l j∂ j + lȷ∂ȷ , and for any η ∈ T ′ z M the 2n − 1 form Θ z has the expression
for any η ∈ T ′ z M . The Θ z form has an important role in calculating the local degree of a holomorphic vector field at a nondegenerate zero.
We also notice that the same form of volume element dV z and the Θ z form were obtained in [24] , Proposition 3.1 and Proposition 3.3, respectively, by taking
where dµĝ is the Riemannian volume form induced by the Riemannian metricĝ from (6).
Some properties of the indicatrices volume
In this section we study the volume of unit tangent spheres I z M in complex Finsler manifolds (M, F ), using the volume form obtained in the previous section in Proposition 1. Thus, we obtain conditions for a space to have indicatrix of constant volume, i.e. independent of the position variables z ∈ M , and we study this property for several cases of complex Finsler spaces.
The volume function of the indicatrix I z M is considered to be
This definition is natural since the indicatrices volume of Hermitian manifolds is always equal to the volume of unit Euclidean sphere S 2n−1 in R 2n ≡ C n , as we can see from the following example.
Since the volume element dV is independent of the choices of (η i ) coordinates and the Hermitian structure satisfies g(∂ i ,∂ j ) = δ ij , so that g = 1 , and by applying (8) and Proposition 1, we have 
and by taking n = 2 in Proposition 1, the volume element of the complex indicatrix becomes dV z = 1 4 g(pdq ∧ dp ∧ dq − qdp ∧ dp ∧ dq +pdq ∧ dp ∧ dq −qdp ∧ dp ∧ dq).
If we consider the algebraic form of the complex coordinates p = x + iy, q = u + iv , i = √ −1, we obtain the volume function
where g = 2e 8σ(z,w) (x 2 + y 2 )(u 2 + v 2 ) and the indicatrix condition F (z, η) = 1 becomes the equation of the (z,w) . If we denote r = e −σ(z,w) , the coordinates of Σ can be changed using a type of Hopf coordinates:
However, in the general case V ol(z) does vary with z , as can be verified by the following example.
Example 3. Consider the case n = 2, M = C 2 , of local coordinates z = (z 1 , z 2 ) and η = (p, q), and we define
where λ is an arbitrary smooth nonnegative function of the z variables only and |η If we consider the algebraic form p = x + iy, q = u + iv , i = √ −1, we obtain volume function (9), with
By changing the coordinates of Σ as
, the volume function of the complex indicatrix will have the form
It can be seen that the result depends on λ(z) and thus V ol(z) is nonconstant.
In the following, using the ideas from [9] , we study the condition under which a complex In each z ∈ M the indicatrix of F is strongly convex and σ : 
Using Proposition 1 and the tangential map φ * z , we can express V ol(z) as
Therefore, the volume of the indicatrix is independent of z orz variables if the variational formula for V ol(z) vanishes: 
and, respectively,
where Γ 
Remark. Any local Minkowski metric verifies the corollary's conditions; thus, V ol(z) is constant (see Example 1 and Example 2 with σ a constant function). However, in Example 2, V ol(z) is constant for any function σ(z, w) and thus there are other types of complex Finsler metrics with constant V ol(z). For instance, further we
will provide an example of a pure Hermitian metric (i.e. g = g(z)) for which we obtain V ol(z) ≡ V ol(S 2n−1 ) .
Example 4.
A pure Hermitian metric. Take M = C 2 endowed with a purely Hermitian metric
with a, b real valued functions and local coordinates z = (z, w), η = (p, q). It can be easily verified that
, such that F represents a pure Hermitian metric, and thus g = ab . Considering the algebraic form p = x + iy, q = u + iv , we obtain the volume (9) with the surface
we easily obtain V ol(z) ≡ V ol(S 3 ) . The same result is obtained
if we choose to use the spherical coordinates
By generalizing to an n-dimensional complex manifold M , take the purely Hermitian metric
If we apply an adapted form of the spherical coordinates as
However, the variational formula of V ol(z) does not offer much information about classes of complex Finsler manifolds that may verify the constant volume conditions. The following result slightly improves the one from [24] . 
Proposition 2 Let (M, F ) be a weakly Kähler manifold, with L
, be the parallel translation induced by (12) . By taking the Chern-Finsler horizontal coefficients L i jk to be dependent only on the position z , the parallel translation P t is a complex linear isomorphism and an isometry, so we have ||γ(t)|| = F (γ(t),γ(t)) = F (p,γ(0)) = ||γ(0)||. 
We observe that, in general, the coefficients L i jk are dependent on the translated frame, but in the considered case, L i jk depending only on position, that does not happen. Thus, by applying it to E m (t) , we obtain
Now we follow the same steps as in [24] . Since ζ i = A i j η j , the tangent and cotangent application of P t satisfies
Relative to the Hermitian metric G from (2), using the last three relations, it can be easily checked that
, and using Stokes' formula, the above results, and the fact that
Recall that, cf. . The latter one is the sense that we are using in this paper, while the first one leads to the generalized Berwald spaces according to [4, 5] .
We remark that conditions from Proposition 2 are only sufficient. Next, we want to exemplify this.
First, if we take into consideration that in Example 2 according to [7] the L i jk nonzero coefficients of the Chern-Finsler connection of the Antonelli-Shimada complex metric are
we observe that the local coefficients L i jk depend only on z and w , but the metric L AS is not Berwald, because in general, it is not Kähler. However, the metric L AS is one generalized Berwald, since the spray coefficients 
Example 5. A complex Finsler space with Randers metric.
We adjust the example from [6] and we consider a two-dimensional manifold M = C 2 a purely Hermitian
and we choose the (1, 0) -differential form β as
Then a ∂z m and we obtain Γ lrm = 0 , except for the coefficients Γ 212 = −Γ 221 = e z+z+w+w ̸ = 0 . Thus, metric (13) is not Kähler.
Now we are able to construct the complex Randers metric
which is nonpurely Hermitian, since α 2 ||b|| 2 ̸ = |β| 2 . Some computations lead to the conclusion that metric (15) satisfies the condition (β lr ∂br
with lr = a ir η i , and so, from [4] , Theorem 4.2, this metric is generalized Berwald. However, there exists Γ 221 b1 = −e z+w+w ̸ = 0, and thus the condition Γ lrm bm = 0 cannot be fulfilled, and according to [6] it is not a complex Douglas metric, even if Ωm = 0, m = 1, 2.
By direct calculus, using a 11 |p| 2 = |β| 2 and a 22 |q| 2 = α 2 − |β| 2 , we obtain
We obtain the volume function V ol(z) as in (9) for the algebraic form of the complex coordinates and by direct calculus we get that the volume function has constant value V ol(z) = 2π 2 .
Remark. In [6] it can be found that any complex Randers-Douglas space of dimension two is a complex Berwald space, and thus, according to Corollary 2, we can state: 
As dV | η = i 2|η| 2 (ηdη −ηdη) is constant along any complex ray that emanates from the origin, i.e. it is invariant under rescaling in η , dV | λη = dV | η , ∀λ ∈ C , we expect its integrals over I and S to give the same answer.
Our intuition is borne out by the fact that the new integrand is a closed 1 -form on C * and, together with an application of Stokes' theorem, by integrating dV over I and S the same answer of the length function is obtained. By direct calculus, if we take η = x + iy , the formula of the indicatrix length becomes
(xdy − ydx),
, θ ∈ [0, 2π) , we get L(z) = 2π , as deduced above. Thus, we can state:
Proposition 3
The length of the complex indicatrix of any Riemannian Finsler surface has constant value equal to 2π .
On the volume of submersed manifolds of I z M
In [18] we find that a submersion from a CR-submanifoldM of a Kähler manifold M onto an almost Hermitian 
Since the volume element is quite complicated, it is difficult to calculate its volume. However, we can construct ϕ : 
